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We present a nearest neighbor lattice model of the effects of modifiers on two&ate enzyme catalysis of the reaction 
s f p_ We do not ingeneralmake theassumptionsof the classical approach to cooperative catalysis that yield (1) adsorption 
is&berms of the same form as those for the corresponding equilibrium system and (2) a rate of the catalyzed reaction pro- 
portional to the number of occupied catalytic sites. Closed form results are obtained for two approximations, the Bragg- 
Wisand the quasi-chemical.The latter requires (1). but is exact for several simple cases, including the concerted model, 
under this condition_ Under (1) it is found that an interaction between modifier and catalytic sites, whether attractive or 
repulsive, increases the magnitudes of the slopes of the adsorption isotherms but that interactions between identical sites 
(catalytic or modifier) increase these magnitudes if attractive and decrease them if repulsive_ Thus, the former interaction 
allows for phase transitions if sufficiently attractive or repulsive, but the latter only if sufficiently attractive. Herein also Lies 
the explanation for why the concerted model displays only “positive cooperativity”. It is further seen that it is not possible 
to classify a modifier as an activator or inhibitor of the catalyzed reaction solely on the basis of the sign of the interaction 
energy between catalytic and modifier sites. For agiven ener_z, the rate of the reaction may increase or decrease in response 
to the modifier. or it may respond biphasically. Simiily, the rate may respond biphatically to the activities of s or p, lead- 
ing to instabilities. Thus, possrbilities of multiple nonequilibrium stationary states or spatio-temporal patterns are raised. 

1_ introduction 

Many diverse cooperative phenomena,ranging from 
ferromagnetisrn [l] to the interaction of social groups 
[2], have been studied with success in the context of 
nearest neighbor lattice statistics. Cooperative enzyme 

catalysis is no exception_ It has been shown [3] that 
the sequential model [4] is identical to the classical 
Ising model [1] and that the Hill equation [S] follows 
as a special caseNearest neighbor lattice statistics have 
also been used to study the effects of modifiers on 
catalysis_ Thompson [3], for example, considered two 
classes of sites, those on which the catalysis occurs and 
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others which adsorb a modifier, with state dependent 
interactions between nearest neighbor catalytic and 
modifier sites. Such lattices are known in connection 
with other phenomena as decorated Ising models [6 ] - 

The application of nearest neighbor lattice statis- 
tics to cooperative enzymes is particularly interesting, 
since the stationary states of primary importance are 
nonequilibrium ones, where the rate of the catalyzed 
reaction is nonzero. Thus, possibilities of nonequilib- 
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rium phase transitions and spatio-temporal patterns 
are raised_ In fact, the concerted model [7], which is 
a special case of the nearest neighbor work presented 
here, can predict such behavior when coupled ap- 
propriately to transport processes [8,9] _ However, in 
spite of these successes in treating nonequilibrium co- 
operative phenomena, the classical nearest neighbor 
approach is actually an equilibrium formulation_ Kinetic 
Isingmodels [lo-121 describe transient behavior but 
still possess only equilibrium stationary states. Only in a 
recent series of papers [13-l 51 has Hill extended the 
Ising model to explicitly allow for nonequilibrium statio- 
nary states_ He considered a lattice of ?z > 2 state enzyme 
molecules with state dependent interactions between 
nearest neighbors_ The transitions among the rz states 
of a single molecule are such that there is at least one 
cycle in the kinetic diagram [ 16]_ It is the presence of 
cycles, at least one of which has a nonzero thermody- 
namic force when the catalyzed reaction is not at equi- 
librium, which allows for nonequilibrium stationary 
states. 

That the classical equilibrium approach to interac- 
tions has been applied to systems with nonequilibrium 
stationary states (e-g., enzymes) is possibly a conse- 
quence of certain analogies which exist between catal- 
ysis and equilibrium ligand adsorption in the absence 
of interactions_ In the stationary state, a Michaelis- 
Menten or Briggs-Haldane noncooperative enzyme 
displays an adsorption isotherm of the same form as 
the Langmuir equilibrium ligand adsorption isotherm 
(with appropriate identMcations of parameters and 
variables, of course). Furthermore, under the rather 
standard condition that adsorption of product may 
be neglected, the rate of the catalyzed reaction 
becomes proportional to the number of occupied 
catalytic sites. Similarly, the classical approach to en- 
zyme catalysis in the presence of interactions usually 
takes the stationary state population properties (e-g., 
adsorption isotherms) to have the form of those for 
corresponding equilibrium ligand adsorption systems 
and the rate of catalysis to be proportional to the 
number of occupied catalytic sites, whether the intei- 
actions are among catalytic sites themselves [4], be- 
tween catalytic sites and enzyme conformations [7], 
or between catalytic sites and modifier sites [3] _ Hill’s 
work, however, has shown that the procedure of cal- 
culating the stationary state properties of enzymes 
through analogies to equilibrium systems requires 
four assumptions in the presence of interactions, two 

to assure adsorption isotherms of an equilibrium 
form and two more to obtain a rate of catalysis 
proportional to the number of occupied catalytic sites. 

Since enzyme catalysis is of lesser importance at 
equilibrium, where the rate of the catalyzed reaction 
is zero, it would seem important to study the effects 
of modifiers on enzyme catalysis without recourse to 
some of the usual assumptions_ Thus, our purpose in 
this paper is to apply Hill’s method of taking into ac- 
count the nonequilibrium aspects of catalysis to the 
sorts of models proposed by Thompson for the effects 
of modifiers. We again consider lattices with two class- 
es of sites, with state dependent interactions between 
nearest neighbor catalytic and modifier sites, between 
nearest neighbor catalytic sites, and between nearest 
neighbor modifier sites. For simplicity in this initial 
paper, we do not treat transient conditions and allow 
each site to have only two accessible states_ A modifier 
site may be either occupied by a molecule of the mod- 
ifier or unoccupied; these two states are connected 
by a single transition pathway in the kinetic diagram 
for an isolated site. The kinetic diagram for a single 
catalytic site, however, has two transition pathways 
(as for a Michaelis-Menten or Briggs-Haldane enzyme), 
comprising a cycle and thus allowing for nonequilib- 
rium stationary states. It should be mentioned that a 
two state catalytic cycle is one of the necessary assump- 
tions for nonequilibrium stationary state population 
properties of an equilibrium form [ 133 and that we 
will be forced to invoke the other necessary assump- 
tion to develop one of our two approximations to the 
general problem. However, even where we make the 
assumptions necessary for population properties of an 
equilibrium form, we will not in general make those 
necessary for the rate of the catalyzed reaction to be’pro- 
portional to the number of occupied catalytic sites. It 
should also be noted that catalytic cycleswith more than 
two states may display novel behavior in the presence of 
interactions [I 7,181. Extensions of the model to in- 
clude any number of classes of sites, catalytic or mod- 
ifier, are straightforward, at least in the case of two 
state catalytic cycles, and will be pointed out where 
appropriate. 

Although, with the exception of several special 
cases (see, for example, ref. [19]), Hill’s work has 
dealt with interactions between identical enzyme 
molecules, it can also be applied to the problem of 
the effects of modifiers on catalysis. For example, a 
molecule could be pictured as consisting of two sites, 
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one catalytic and one modifier_ While Hill’s approach 
and ours can be shown to be equivalent in some simple 
situations, they are not equivalent in general. It is not al- 
ways possible to group the sites of our lattices into iden- 
tical subunits so that the structure of the interactions is 
maintained.Which approach will find greater application 
to real systems is an open question.We have one process 
in mind, the activation of striated muscle contraction by 
calcium ion, in which at least part of the system, the thin 
filament, seems better represented by our approach than 
Hill’s_ Our approach has the further advantage that it can 
be easily related to previous work using the classical equi- 
librium formulation_ In any case, the model should be of 
interest in itself, as it represents a further study of non- 
equilibrium cooperative systems. 

We have chosen to discuss this work in terms of en- 
zyme catalysis or its equilibrium equivalent, ligand ad- 
sorption,since these are the applications with which we 
are most familiar. Hopefully, the results will not be so 
limited.Equilibrium Ising models have found many appli- 
cations, and, as Hill has pointed out, his nonequilibrium 
formulation can be applied not only to catalysis, but also 
to other nonequilibrium processes,such as membrane 
transport [20-22]_ 

In this paper we consider only theoretical aspects of 
the problem for the most part _ In a subsequent publica- 
tion we will discuss the activation of striated muscle 
contraction by calcium ion in terms of our results. We 
define the model in the next section, considering both 
the imeractions and the nonequilibrium formulation 
of their effects. Since no closed form solution for the 
general problem is known even at equilibrium, we then 
extend two classical approximations to our nonequilib- 
rium situation, the Bragg-Willizms approximation 
[23] in section 3 and the quasi-chemical approxima- 
tion [24,25] in section 4. It will be seen that the latter 
is exact for several special cases. Finally, the results, 
including their relation to previous work on nonequilib- 
rium systems utilizing an equilibrium formulation, 
are discussed_ 

2. The model 

The kinetic diagrams for single isolated (subject to 
no interactions) sites of each of the two classes we con- 
sider are shown in fig- 1. The catalytic sites (fig_ la) 
catalyze a reaction s =+ p via a two state cycle. The 
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Fig_ l_ d&rams for catalytic (A) modi- 
tier sites. The in (A) a catalytic and 
the in (B), modifier site. X inside symbol for 

site indicates it is otherwise, it unoccupied. 

circle the site an X the circle 
that the is what call occupied; 

wise, it unoccupied. In more usual - 
ogy, would refer the “enzyme-substrate 
plex” and “free enzyme”, There are 

adsorption-like pathways: for s, rate con- 
k, and k_, for adsorption and desorption, respec- 

tively; and one for p, with rate constants k_, (adsorp- 
tion) and k, (desorption). The thermodynamic force 
X, normalized to temperature through the Boltzmann 
constant, for the catalyzed reaction in the direction 
s + p is then [ 161 

kpks =s eX=__ 
k_,k,z, ’ 

(2.1) 

where zs and zp are the chemical activities of s and p, 
respectively_ 

The transitions for an isolated modifier site, repre- 
sented by a square, are shown in fig. lb. The X indicates 
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that the site is occupied by a molecule of the ligand m; 
otherwise, it is unoccupied_ The rate constant for ad- 
sorption is k, and that for desorption, k_, _ 

Since we will be dealing with transitions between 
the two states of a site in the presence of interactions, 
we must take into account the effect of the interac- 
tions on the rate constants. So long as we maintain de- 
tailed balance at equilibrium, the way in which we ac- 
complish this is somewhat arbitrary_ The particular 
choice we make is that of Hill [ 13]_ Consider a transi- 
tion pathway between some state A and another state 
B in the presence of interactions with an environment 
e. Let rvAe (rvne) be the energy of interaction of state 
A (B) with e. We take all interaction energies to be nor- 
malized to temperature through the Boltzmann constant. 
Hill’s assumption is that 

kABce) = exp [fAB(Jv& - wBdl k-4, , 

kBAcee) = exp [(I -GAB) (vBe - WAe)jkBA 9 
(22) 

where /c,(e) and kAB are the rate constants for the 
A + B transition in the presence and absence, respec- 
tively, of the interactions; kBA(e) and kBA are the cor- 
responding quantities for the B + A transition; andfAB 
is a real constant [26] that may depend on A and B 
but not e. We should emphasize that we could formu- 
late the effects of interactions on rate constants in other 
ways; e.g., we could have chosen to use the approach 
of Glaluber [lo] and Kimball [12] to-the one-dimen- 
sional kinetic Ising model. Incidentally, it appears that 

Hill’s formulation can be made equivalent to that of 
Glauber and Kimball only in the case fAB = l/2. 

For reasons noted below we will consider a site to 
interact with its nearest neighbors explicitly only when 
it is occupied-The rate constants for the modifier sites 
in the presence of interactions are then 

k,(e) = exp [-&w,(e)] k”, 7 

k_,(e) = exp C(1 -fm)%,(e)l~!!, T 
c3) 

where w,(e) is the interaction energy of an occupied 
modifier site with its environment e, and a superscript 
0 indicates the rate constants in the absence of inter- 
actions. Similarly, for the catalytic sites, we have 

ks(e) = exp [-f,w,(e)l kz , 
k-s(e) = exp [(I -fs;>w,(e)l k!!s, 

k_,(e) = exp r<f, - 1) Iv,(e)] ktp, 
(2 -4) 

kp(e) = exp [f,~v,(e)lk~ , 

where Iv,(e) is the interaction energy of an occupied 
catalytic site with e-Note that themis a distinct f here 
for each of the two transition pathways; this fohows 
from the requirement of detailed balance at equilibrium 
for each pathway separately. However, if fs + f, = 1, 
then the interactions affect the rate constants for both 
pathways to the same extent. In this case, if we for- 
mally combine both the sand p pathways into a single 
one [27], we find a simulated detailed balance for- 
mally analogous to that at equilibrium even at non- 
equilibrium stationary states. In this “quasiequilibrium” 
regime, population properties take an equilibrium 
form at nonequilibrium stationary states with 
(kfz, + k~,z,)/(k~ f- kys) playing the role of a 

chemical activity [ 13]_ 
The particular interactions with which we will be 

concerned are as follows. We consider a lattice with 
M, catalytic or class 1 sites andM2 modifier or class 
2 sites. The lattice is specified by the numbers of 
nearest neighbors: each class 1 site has c1 other class 
1 sites and cl2 modifier sites as nearest neighbors;each 
class 2 site has czl catalytic sites and c2 other 
modifier sites as nearest neighbors. c12Ml = cz1M2, 
of course. Three such lattices are shown in fig_ 2. (Oc- 
cupied and unoccupied sites are not distinguished in 
this figure .) When both a catalytic site and a nearest 
neighbor modifier site are occupied, there is a (free) 
energy of interaction w12 ; when two nearest neighbor 
catalytic sites are occupied, there is an interaction 
energy w1 ; and when two nearest neighbor modifier 
sites are occupied, there is an interaction energy 1v2 _ 

A seemingly more general model could be proposed, 
in which there is a different interaction energy for each 
possible state of a pair of nearest neighbor sites. HOW- 

ever, for the classical Ising model, in which there is 
only a single class of sites, it is well known that there 
are conservation relations between the numbers of 
nearest neighbor pairsin the possible states [28] _ These 
relations allow the effects of all possible nearest neighbor 
interactions to be expressed in terms of a single appar- 
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A. 

B. 

Fig. 2. Example of lattices for two classes of sites. Circles reo- 
resent class 1 or catalytic sites, and squares, class 2 or modi- 
fier sites. The numbers of nearest neighbors are (A) cr = cz = 
C~*=C*~=2;~)c~=C~=2,C~=C~~=1;(C)C~=C~~=6, 
ca=csr =3. 

ent Interaction energy between nearest neighbor oc- 
cupied sites. Similar conservation relations apply here 
to pairs of nearest neighbor sites where one site is of 
class 1 and the other of class 2 1291. Again, these 
conservation relations allow the effects of all possible 
interactions be?ween a catalytic site and a nearest 
neighbor modifier site to be expressed in terms of one 
apparent Interaction energy w12 for the pair when 
both sites are occupied. In other words, interactions 
between only occupied nearest neighbor sites is suf- 
ficient to describe all possible interactions in our 
nearest neighbor model. 

In principle,we would now develop the time evolu- 
tion equations for the various configurations of the 

. lattice and from them derive the stationary state prop- 
erties. However, to do this, we need expressions for 
the number of ways in which a given configuration 
may evolve to another. A related task is to determine 

the degeneracies of the configurations. Unfortunately, 
this has not yet been accomplished completely even 
for the classical Ising model. We therefore turn imme- 
diately to approximations, of which we present two. 
These are extensions of the well known Bragg-Williams 
[23] and quasichemical [24,25] approximations. 

We should point out that the canonical ensemble 
approach implicit in these approximations is valid only 
for large numbers of sites, while there are only rela- 
tively few sites of a given class in many biological 
problems. However, large systems present the greater 
theoretical difficulties, whereas, for small numbers of 
sites, we can at least resort to a grand canonical ap- 
proach and a procedure analogous to counting degen- 
eracies if all else fails. Furthermore, according to 
Thompson 1301, the error incurred on assuming a large 
number of sites for the one-dimensional classical Ising 
model becomes negligible if there are more than four. 
Thus, the limit of a large number of sites may actually 
obtain for very few. Of course, these comments do not 
apply to phase transitions. There are also biological 
processes involving large numbers of sites, such as the 
activation of muscle contraction mentioned above. 

3. The Bragg-Williams approximation 

The environment with which a given site interacts 
and which therefore influences the rate at which the 
site undergoes transitions between its two states con- 
sists of the states of its nearest neighbors; in general 
each possible environment must be considered_ How- 
ever, in the approximation originally developed for 
the classical Ising model by Bragg and Williams [23] 
the sites in their various states are assumed to be dis- 
tributed at random throughout the lattice, so that 
only an “average” site interacting with an “average” 
environment need be considered_ It is then relatively 
simple to develop the time evolution equations for 
the average state of each class of sites, as Hill [ 141 has 
done for the case of identical subunits. The assumption 
of a random distribution is of course incorrect, but 
the Bragg-Williams approximation (BWA) yields qual- 
itatively reasonable results for the classical Ising 
model (with the exception of some aspects of phase 
transitions). We would expect the results here to be as 
good. 

We define 0, as the average fraction of class I sites 
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which are occupied_ The average energy of interaction 
of an occupied catalytic site with its nearest neighbors 
is then 

\3, = Cl wlol + c12w1@2 - (3.1) 

The corresponding time evolution equation becomes 

d@, /dr = (Eszs + k_p~p) (1 - 01) - ($, + %_s)O1, 
(3 -2) 

where the average rate constants are obtained from 
(2.4) with (3_l);e.g., 

k, = exp [-fs(c,wlO, + c12w1202)]kz . (3-3) 

The stationary state “adsorption” isotherm for the 
catalytic sites is then 

= - exp (cclwlO, + clZwrzO,) _ 
l-Qo, (3 -4) 

Similarly, the stationary state adsorption isotherm 
for the modifier sites is 

@z 
42’2 = 1-_02 exp (c2w2@~ + c21w~Ol) , (3 -5) 

where z2 is the activity of the modifier m and 

q2 = k;/k” --m ’ (3 -6) 

is the partition function for a single occupied site. 
Note that, as mentioned above, if f, + fp = 1, then 

(3 -4) takes an equilibrium form 

(3-7) 

analogous to that for the modifier sites-It ispotentially 
misleading that (3.5) always has an equilibrium form. 
Since (3 5) is coupled to (3 -4) for the catalytic sites, 
02 will not have an equilibrium relation to t2 unless 
the catalytic sites are operating in the quasiequilibrium 
regime (3.7). 

For a lattice with an arbitrary number of classes of 
sites, there would be an adsorption isotherm for each 

catalytic class of the form (3 -4) or (3 -7) (quasiequiiib- 
rium) and one for each modifier class of the form 
(3-Q but with additional terms in the average inter- 
action energy of an occupied site of a given class with 
its nearest neighbors;i_e.,for the Ith class, (3.1) would 
become 

WI = CI’VIOI + c cIJ’vIJoJ - (3 -8) 
J+l 

If two modifier classes would adsorb the same species, 
then zI = zJ _ If two ChSSeS would catalyze the same 
reaction, then zsI = zsJ , zpI = zpJ, and the rate con- 
stants would have to be such that k~k~/k~,k~, were 
the same for both classes. 

Returning to the lattice with two classes of sites, 
one catalytic and one modifier, we would expect an 
exceedingly rich array of possible behaviors, as Hill and 
coworkers have demonstrated for a lattice of identica3 
interacting two-state enzyme molecules [26,32-34]_ 
We will therefore restrict further discussion in this ini- 
tial paper to the quasiequilibrium case, where (3.5) and 
(3.7) are the adsorption isotherms for the modifier and 
catalytic sites, respectively_ As a byproduct, we will 
also be discussing the population properties of the cor- 
responding equilibrium problem of adsorption of two 
species of interacting ligands with activities z1 and z2 _ 

The adsorption isotherms (3 -5) and (3 -7) possess 
interesting symmetry properties, which can best be 
illustrated by defining 

Y1 = exp (--clwl/2)exp (-c12w12/2)q1zI , 

~2. = exp (-c3W2/2)exp(-c21W12/2)42z2 , 
(3-9) 

which represent “activities” normalized to the highest 
symmetry point of the lattice: 

01=02=1/2=-Y1=y2=1 _ (3.10) 

One symmetry can be expressed in general as 

Y~(@,,@,)Yl(l-@,. l-0,) 

=Y#I,02)y2(1-01,1-@~)=1; (3.11) 

if one of the y’s, say Y1 ,is 1, this symmetry becomes 

y2(@2)y2(1- 02) = I 9 01(02)+01(1-CQ= 1; . 
(3.12) 

or 
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Fig. 3. The effect of ~12 on the catalytic (01) and modifier 
(02) adsorption isotherms versus In (~792) for the quasi- 
equiliirium BWA. Numbers by curves are c121v12_ Other con- 
ditions: wr = w2 = 0; cIz = c2r, In (qlzl) = ~~~wr~/2_ 

Y2(0&720-0~)=1, 02(0,)+0,(1-@o,)=l. 

However, if y1 f 1, then in general .y2 (02)y2( I- 02) 

+ 1, and the symmetry is lost. 
There is a second symmetry property with respect 

to “12: 

@,ti, 3 “127 0~)=02(1/Y~.-“~,1-0~) 

~Y2(@1,@, 7 lV12) ‘Y2U - @, ,@2, -wy) 
(3.13) 

or 

In other words, if 1~2 + -w12,y1 + l/yl, then the 
adsorption isotherm 02 versus ln y2 is unchanged, but 
0, versus lny2 is reflected about the line O1 = l/Z. 

In addition to these symmetry properties, we see 
immediately from (3 -5) and (3.7) that generally an 
attractive interaction energy (any w < 0) decreases the 
activities necessary for given levels of adsorption and a 
repulsive interaction (w > 0) doe: the opposite_ Fur- 

thermore, we see that the adsorptions to the catalytic 

and modifier sites are mutual activators if 1v12 < 0 and 
mutual inhibitors if w12 > 0, as would be expected. 
Of- course, if w12 = 0, the two adsorptions are inde- 
pendent of each other. 

Several examples of the adsorption isotherms (3 5) 
and (3 -7) at various values of the interaction energies 
are shown in figs. 3-5 for cl2 = czl. We have chosen 
to illustrate only cases where the activities of the chem- 
ical species s and p participating in the catalyzed 
reaction are constant and the activity of the adsorbed 
ligand z7 is varied. Because we are considering the quasi- 
equilib&m regime, the adsorption isotherms 0, anri 
0, versus ln(qlzl) with z2 constant can be obtained 
simply by interchanging subscripts 1 and 2. We have 
alsb taken advantage of properties (3 -11) and (3.12) by 
settingyl = 1 (3.9) so that all examples are symmetric 
about the point 0, = 0, = l/2_ 

In fig_ 3 only the effects of the interaction between 
catalytic and modifier sites are shown (IVY = wZ = 0). 
As intimated above, an attractive l-2 interaction 
(1v12 < 0) shifts the adsorption isotherms to lower 
values of z’, and a repulsive one, to higher values. Also 
illustrated here is the activation of catalytic adsorption 
by adsorption to the class 2 sites if 1v12 < 0 and the 
inhibition if %v12 > 0. Note that the larger the magni- 
tude of xv1 2, the larger the magnitude of the total ef- 
fect of adsorption to the modifier sites on catalytic 
adsorption_ By total effect, we mean the difference be- 
tween catalytic adsorption when all class 2 sites are oc- 
cupied and that when none are occupied_ For the con- 
ditions of fig. 3, it is simply 

O,(O, = 1) - 01(0,=0) = tanh (-c~~Iv~~/~) _ (3 -14) 

The slopes of the adsorption isotherms are also of 
interest_ From (3-S) and (3.7), they are given by 

= 02(1 --az)[l+O1(l - OI)cIwl]/D~ 

= --o,(l -01)02(1 - o~)c~~‘v~~/o; 

II= [l-tOl(l -~l)cl’vl][l+o~(1 -@+ZziV2] 
7 

-eo,(l -01)02(1_02)C12C21Wi2 . (3.15) 

Delaying a discussion of phase transitions for the mo- 
ment, we require D > 0. We see from (3.15) that the 
slope of the class 2 adsorption isotherm and the mag- 
nitude of the slope of the catalytic adsorption isotherm 
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Fig. 4. The effect of w1 on the catalytic (~3~) and modifier 
(9) adsorption isotherms versus ln (4222) for the quasi- 
equilibrium BWA. (_..) clwl = 4.0; (-) clwl = -2.0; 
(- - -) clwl = -5.0. Other conditions: xv2 = 0;cr2wu = 
CUlYl2 = -l.O;ln(q~r,)= (c1wr +clzw,*)/2_ 

increase with the magnitude of w12 for given values of 
0, and @1 whether the interaction is attractive or repul- 
sive. For fig. 3, in fact, at the one-half saturation point 
for adsorption to both classes of site, 0, = O2 = l/2, 
we have 

so that we have another symmetry property with respect 
to wr2 : two different values, of equal magnitude but op- 
posite sign, yield the same values for the magnitudes of 
the slopes. Also note that since w1 =w2 = 0, we have 
observed an apparent “cooperativity”in the class 2 ad- 
sorption due to its interaction with the catalytic adsorp- 
tion. 

In fig. 4, the effects of w1 are illustrated for the case 

I .c I- 

i 08, 

0.6 - 

8. 

0.4 - 

_i 

J Fig. 5. The effect of w2 on the catalytic (Or) and moafier 
CO*) adsorption isotkerms versus in (q2z2) for the quasi- 
equilibrium BWA. Numbers by curves are czwz _ Other con- 
ditions: WI = 0; ~12~~2 = c21w12 = -1.0: In (qlzI) = c12w12/2_ 

of an attractive l-2 interaction_ If lv12 > 0, 0, would 
decrease with increasing z2, of course. There is no shift 
of the adsorption isotherms to the left or the right because 
of our choice ofJTl = 1 _ In general, an increase in w1 
would shift the point 0, = l/2 to higher values of z2 
when w12 and lnyl are of opposite sign, and to lower 
values when w I2 and Inyl are of the same sign. We see 
that w1 affects the total effect of modifier adsorption 
on catalytic adsorption. as would be expected: an attrac- 
tive interaction increases the total effect, whereas a repul- 
sive one decreasesit.We also note that attractive inter- 
actions increase the slopes of the adsorption isotherms 
and repulsive interactions make them less steep (3.15)_ 

The effects of the remainingiuteraction energy wz 
are showuin fig. 5, again for w12 (0. Aswould be ex- 
pected. IV? does not affect the total effect of the class 2 

adsorption on catalytic adsorption. There is a shift along 
the lnz2axis,w2<0 causingaleftward shift andwz>O, 
one to the right. Like wl, xv2 increases the slopes of 
the adsorption isotherms if w2 < 0, and decreases 
them if w2 > 0. 

‘are 
The terms “positive” and “negative cooperativity” 
often used (see, for example, ref. [3 1 J) to refer to 

the slopes of adsorption isotherms, the former corre- 
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sponding to the case of a slope steeper than that of non- isotherm may have a positive slope. This results since 
cooperative (Langmuir) adsorption and the latter to a there is a van der Waals type loop in a plot of 0, ver- 
less steep slope. However, we have seen here that there is sus 02 in this case. Since the middle branch of this 
not a one to one correspondence between this terminology loop has a negative slope, as does that of 0, versus 
and the fundamental parameters of the interactions, the lnz-, , the middle branch of O2 versus lnz2 has a posi- 
energies. For the interactions between catalytic sites (wl) tive slope. It is interesting to note that the critical 
or those between the modifier sites (wz), there is no point for the 0, -02 loop is c1 w1 = 4, identical to 
problem: an attractive energy increases the magnitudes that for the classical Ising model. This is not surprising 
of the slopes and arepulsive one decreases them. However, since it can be seen from (3.7) that, with d(qqlzl) = 0, 
with theinteractionbetween catalytic and modifier sites, 02 plays the role of a chemical potential for the cata- 
the magnitudes of the slopes are increased regardless of lytic adsorption in the BWA. 
the sign of wI2 _ How this comes about with a repulsive For systems with nonequilibrium stationary states, 
l-2interactioniseasilyseen.Withd(qlz1)=0,aszZ rates of processes are often of even greater interest 
increases,Q2 increasesibut because the catalytic and than population properties, the adsorption isotherms 
modifier adsorptions are antagonistic, the increase in in our case. Since our lattice has only a single class of 
Q2 causes a decrease in 0, ,which in turn makes further catalytic sites, one phenomenological flux, the rate of 
modifier adsorption more favorable_ Because of the lack the catalyzed reaction per catalytic site, is adequate 
of correspondence between the terms positive and nega- to describe these rates at the stationary state(s). In 
tive cooperativity and the nature of the interactions, the direction s + p for the BWA, it is given simply by 
it would be perhaps appropriate if the former terms 
were used only purely phenomenologlcally. 

J = I;,@, - E_PzP(l - 01) = E&(1 - 01) -3;_,o, _ 

One further aspect of the adsorption isotherms (3.5) 
(3.18) 

and (3-7) deservesmention.although a complete discus- 
sion is beyond the scope of this work. In each of figs. 4 

In the lib-nit kopzp + 0, a frequent condition for en- 
zyme kinetic studies, (3.18) becomes 

and 5, a loop corresponding to a phase transition is shown, 
andin fig3,there aretwoloops_From (3.15)we find 

J = I$ exp [fP(cI w1 Ol+ c~~~~O~)J 0, _ (3.19) 

that the general condition for a phase transition with 
d(~q,zl)=OisDGOO.Weseethat aphase transitionmay 

Iff, > 0, we see that attractive interactions acting 
directly on the catalytic sites (wl or “12-C 0) decrease 

be caused by any of the three different interactions, and the flux relative to its value in the absence of interac- 
that phase transitions are predicted in both isotherms tions, J=X-OO , whereas repulsive interactions increase 
01 versus In z2 and 0, versus In z2 simultaneously_ How- p to 

ever, note from the form ofD that a phase transition is pre- 
it relative to k,O, _ Thus, these interactions may have 
competing effects on the flux. From (3.7), it is ob- 

dicted only for sufficiently attractive interactions be- 
tween catalytic sites or between modiCersites,but that 
a l-2 interaction of sufficient magnitude can cause a 
phase transition, whether attractive or repulsive_ In fact, 
with w1 = wz = 0, the critical value for the highest order 
symmetrypoint,01=02=1/2,isgivenby 

vious that attractive interactions, for example, increase . . 
O1 for given values of qlzl. This tends to increase J 
through the factor O1. On the other hand, the attrac- 
tive interactions tend to decrease the flux through the 
factor exp [fp(clwlO1 + cr2W1202)]_ 

The results of these competing effects are illustrated 

(cl2c21) 1/21W121=‘t _ (3.17) 

This is reminiscent of the critical point for the BWA to 
the classical Isingmodel, cw= 4, except that WI2 may 
be negative or positive. 

One further comment about these phase transitions 
is in order. The loops corresponding to phase transitions 
due to w2 or w12 (figs. 3 and 5) are of the usual van 
der Waals sort; i.e., the slope of the middle branch is 
negative. However, in a phase transition due to wl, 
part of the middle branch of the metier adsorption 

in fig. 6. Here we have shown a variety of typical re- 
sponses of the flux to changes in modifier activity, 
along with the corresponding catalytic adsorption iso- 
therms. The curves were calculated for the quasiequi- 
librium regime with the conditions kcpzp + 0, wl’, < 
0 and the symmetric choice f = 1,/Z. The flux may 
either increase or decrease ( lg. 6a) monotonically P 
with an increase in z2 while the adsorption is mono- 
tonically increasing. The flux may also show a biphasic 
response while that of the adsorption remains mono- 
tonic (fig_ 6b). Finally, we have the possibility of 
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Fig. 6. Some typical responses of the catalytic adsorption 0, and catalytic flux J/k: to changes in modiier activity za for the 
quasiequiltbrium BWA. O1 is shown by the solid lines and the flus by the dashed lines. Note that the scales for the flux and lu(45z~) 
are not the same for all curves. For all fhxx calculationsfp = l/2, k?_pzp = 0 (3.19). (A) Monotonic responses of the flux. Upper 
curves: qfzt = l_O;ctewta = catwta = -2.197;ctwt = c21va= 0. Lower -es: q tzt =0_1658;ctawta = catw1a = -3.797, 
ctwt = 4.0; c2wa = 0. (B) Biphasic response of the flux qtz, = 0_1658;c1~wt~ = catwta = -7594;ctwt = ctw2 = 4.0. (C) Phase 
transition with “normal”loop for the flux: qtzt = O_OS231;cr~wr~ = c2twt2 = -0997;ctwr =--3_O;caw, = -5.0. (D) Phase 
transition with biphasic loop for the flux: 41x1 = 0.06739; cr2wt2 = c2rrvt2 = -0.394;ctwt = -5.O;cawa = -3.0. 

phase transitions. If the flux exhibits a monotonic re- 
lationship to catalytic adsorption (as in fig. 6a), then 
the loop in the fhrx has the same general shape as that 
in the adsorption (fig. 6~). If the flux is related bipha- 
sically to adsorption (as in fig. 6b), however, then the 
tlux loop may be similar to what Hi [ 14,151 calls a 
‘bow tie” loop (fig- 6d). 

We note also that the terms positive and negative 
cooperativity have even less meaning for the flux than 
they do for the adsorptions. Because of the competing 
effects of the interactions on the flux, it may show 
the oppositive cooperativity as the catalytic adsorption 
isotherm_ In fact, the fhrx may even change in the op- 
posite direction as the catalytic adsorption. Moreover, 
it is not possible in general to classify the modifier as 
an activator or inhibitor of the catalyzed reaction 
based on the sign of w12 _ It may act as either depend- 
ing on the values of the other parameters_ 

4. The quasi-chemical approximation 

The predictions of the BWA presented in the pre- 
vious section are qualitatively reasonable_ It would 
thus be appropriate for a first investigation of a system 
about which little is known or for a study of possible 
behaviors of a system. However, the BWA does have 
a serious shortcoming, the lack of topological informa- 
tion: in the equations of the previous section, the num- 
bers of nearest neighbors c appear only as scale fac- 
tors for the interaction energies. One manifestation of 
this shortcoming is the prediction of phase transitions 
for any lattice, whereas it is known that the one-dimen- 
sional classical ising model, for example, does not show 
such behavior_ 

The more elaborate quasi-chemical approximation 
(QCA), developed independently by Bethe [24] and 
Guggenheim [25] for the classical Ising model, does 



J-S. Shiner. R.J. SoIarojEffects of modifiers on enzyme catalysis 301 

retain some topological information in so far as it 
places correct constraints concerning the numbers of 
nearest neighbors on the conditions for phase transi- 
tions_ The QCA has two further advantages over the 
BWA: it is quantitatively more accurate for the classi- 
cal Ising model, and we would expect a similar im- 
provement here; moreover, we will see that the QCA 
is exact for several simple lattices with two classes of . 
sites. In the BWA we neglected the difference in the 
possible environments for a given site (as specified by 
the numbers of occupied nearest neighbors of each 
class) and used an average environment_ In the QCA 
we assume that pairs of nearest neighbor sites are oc- 
cupied independently_ This assumption does not hold 
in general, of course, but it does allow us to take each 
environment into account explicitly. Herein lies the 
improvement over the BWA. 

There are ai least two ways of utilizing the quasi- 
chemical assumption which are equivalent at equilib- 
rium [28] _ One uses the independence of nearest 
neighbor pairs to develop an expression for the degen- 
eracy of each configuration of the lattice, which al- 
lows one to write down the partition function_ The 
other begins by noting the so-called quasichemical 
relations 

(4-l) 

where AINF is the number of nearest neighbor pairs 
consisting of a class I site and a class 3 site, with the 
class I site in state A and the class J site in state B; 
A, B = x, 0; x indicating that a site is occupied and 0, 
that it is unoccupied; and w is the appropriate inter- 
action energy. (If I = J, a factor of l/4 must be in- 
cluded on the right hand side, since :fl= :Nf _) 

Eq- (4.1) implies a detailed balance among nearest 
neighbor pairs in the stationary state, however, and 
therefore would be valid only in the quasi-equilibrium 
regime for our problem [35] _ On the other hand, it 
might be possible to use the assumption of indepen- 
dence of nearest neighbor pairs to develop an expres- 
sion for the number of ways that a configuration spec- 
ified by the numbers of occupied sites and the num- 
bers of nearest neighbor pairs in the various states 
could undergo a transition to another configuration. 
This would allow the time evolution equations for the 
configurations to be written, and from these, the sta- 
tionary state properties would follow. It is not clear 
that included in these properties would be the detailed 

balance relations (4.1). Thus, it might be possible to 
develop a nonquasiequilibrium QCA. However, we 
have not been able up to the present to carry out this 
approach; so we are forced to restrict our QCA to the 
quasiequilibrium regime. We follow closely the devel- 
opment of Hill [ 151. 

Consider a class I site. It has a total of (cl-t l)(cJ~ 
+ 1) possible environments; i = 0, 1, .__ cI nearest neigh- 
bor class I sites occupied and j = 0, 1, __.cI J nearest 
neighbor class J # I sites occupied. If a class I site is 
occupied, the probability that a nearest neighbor class 
J site is occupied is 

/J = ;N;/(;N; + ;q) , (4-2) 

and the probability that a nearest neighbor class J site 
is unoccupied is (1 -p)_ Thus, the probability that an 
occupied class I site has j occupied class J nearest 
neighbors is 

p’( 1 - &‘I J -i) _ 

Similarly, the probability that an unoccupied class I 
site has j occupied class J nearest neighbors is 

Pfo_) = j,(;!_ j)! (p’)i(l - p’FJ--j) , (4-4) 

where 6’ -“p;/(;Ny + :Ng). However, because of 
the conservation relations 1291 among the :Ny men- 
tioned in section 2, 

P’ = (0, - @,p)/(l - 0,) , (4-5) 

where OI(O,) is, as before, the average fractional oc- 
cupation of the class I(J) sites. 

Similarly [ 151, the probability that an occupied 
class I site has i occupied class I nearest neighbors is 

R;(j)= _ ‘I! 
I! (c, 

&(I - a)(cI-o , 
- i)! 

and the probability that an unoccupied class I site has 
i occupied class I nearest neighbors is 

RF (i)= ., ,&)![(&, (1 -q 

x [I-(&-j (l--u)](cl-i), (4-7) 

where CY 3 :N;/(->VT+ :NF). (Hill’s notation ditfers 
from ours.) 

Since the probability that a class I site is occupied 
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is 0, and since we are assuming independence of near- 
est neighbor pairs, the probability that a class I site is 
occupied and has i occupied class I nearest neighbors 
andj occupied class J nearest neighbors is simply 

Of(i,j) = OlR;(i)P;(i) , (4-S) 

and the probability that a class I site is unoccupied 
and has the same number of occupied nearest neigh- 
bors is 

Of(i,j) = (1 - Ol)Rf(i) P?(j) _ (49) 

Now, let the class 1 sites be catalytic ones (I = 1) 
and the class J sites be the modifier sites (J = 2). Since 
we are dealing with the quasiequilibrium regime, the 
simulated detailed balance requires 

tk,(i,j)r, + Kp(i, ap1 qw> 

= P&i) -f X-_&A e:(i,i) , (4.10) 

where the rate constants are for catalytic sites with i 
occupied nearest neighbor class 1 sites andj occupied 
nearest neighbor class 2 sites. The interaction energy 
of an occupied catalytic site with this environment is 

wc(r-,j) = iw1 +jw12 ) (4.11) 

so that from (2.4) 

ks(&j)/k~ = ~_,(MW, 

= exp ]-(I - f)(iwl +W&l , 

~p(wl~~ = JL,ww(i, 

= exp tf(iwl +@&I , 

wherefsfn= 1 -f,_ 

(4.12) 

If we use (4-12) and (4_3)-(4.9) in (4_10), and then 
divide the resultant equation evaluated at i = j = 0 by 
that evaluated at i= 0, j = c12, we eventually find 

p = (e-+Qa - 1) (@I+ 02) + 1 - 712 

2(eeWr2 - I)01 
, 

yD E{[(e-Wra - 1)(01 +02)+ 112 

_ 4e-W12(e-W12 -l)@1@2}1/2 _ 

(4.13) 

If we divide the resultant equation for i=j= 0 by 
thatfori=cl,j=O,weconf~HiWsresult 

a = (71 - 1+ 2Q1)/(73 + 1) ; 

71 E [l - 40,(1- @l)(l - e-"l)] U2 _ 
(4.14) 

I’utting (4-13) and (4.14) back into (4.10), we fmd 
the stationary state adsorption isotherm for the cata- 
lytic sites: 

41z1= (~)[e~~~~~~~~11’~~c1’2 (4_15 

x (em K ‘“IV l)Q1 - (e -w12-1p2- 1+7= Cl2 

2e-Wra0, 1 1 
, 

where 4121 f (kfz, + k!pzp)/(kE + kEs) as before_ 
If the arguments following (49) are repeated with 

the roles of the cataiytic and modifier classes of sites 
reversed, an adsorption isotherm analogous to (4.15) 
but with subscripts 1 and 2 interchanged is found for 
the class 2 sites (7*l = 7r2)_ Of course, since these are 
quasi-equiIibrium adsorption isotherms, they also 
apply to the analogous equilibrium case. If there would 
be additional classes of site, each would contribute a 
factor analogous to that enclosed in braces in (4.15) 
to the right hand sides of the adsorption isotherms. 

The net stationary state fhrx of the catalysed reac- 
tion for a given environment of i occupied class 1 
nearest neighbors andj occupied class 2 nearest neigh- 
bors is 

J&j) = kp(i,j)@T(i,j) - k_&,j)zpO~(i,j) _ (4.16) 

The total flux (per catalytic site) is just the sum over 
ah environments: 

Cl Cl2 

J = 2 lg J&i> 

= k;[l - cr(1 - ef”‘)]=r [l -fl(l - efw’a)]=i201 

-(kYpzp [l-(&J (l-&)(l-e(f~l~v~jcl 

X [I - (*:zr;:“) (1 -e~~1)~~2)]ca(l-Ql)) . 

(4.17) 
The behavior of the QCA adsorption isotherms, 

(4.15) and its counterpart for the class 2 sites, and 
catalytic fIux(4.17)is,for the most part, qurihtatively 
similar to that of the corresponding quasi-equilibrium 
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Fig. 7. Lattices for which the QCA is exact. Circlesare class 
1 or catalytic sites, and squares, class 2 or moditier sites. (A) 
w,=w;=o;c,*=c~~=1_@)wp=o;c~=2;c~=cp~=1. 
(C) WI = w2 = 0; En = c2.1 = 2. 

BWA equations_ For f > 0, for example, the interac- 
tions may have competing effects on the flux. How- 
ever, notice that the lattice topology, as specified by 
the numbers of nearest neighbors cl, c2, and c12, is 
.manifest in the QCA in contrast to the BWA. Striking 
effects of the topology are seen in the critical points 
for the QCA. With d(qlzl) = 0, we fmd that the criti- 
cal point in the 0, -0, plane is 

W. Ic.-211 
pq-‘- _ 

Cl 

If w1 = w2 = 0, the highest order critical point (01 = 
02 = l/2) in the 0, -lnz2 or 02-1nt2 plane is 

W12 -=&In 
[(CD- l)(c21 - I)] 112 + I 

2 [(cc, - 1) (c,, - l)] 112 - 1- - 
(4.19) 

(4.18) requires ci S-2, and (4.19) requires ~12 B 2, 
c21’> 2 and cl2 or c2r > 2. Thus, the QCA places 
topological restrictions, minimum numbers of nearest 
neighbors, on the conditions for phase transitions, 
whereas the BWA allows a phase transition for any 
lattice_ Since the topological restrictions predicted 
by the QCA for the classical Ising model are known 
to be correct, we expect that they are also correct 
here. In fact, (4-18) is identical to the result for the 
classical Ising model. 

0 O 
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n-l ?zYl ” 

2 3 
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0 

Fig. 8. The “concerted” lattice. 1vr = w2 = 0, cl2 = 1; c21 = n. 
The n circles represent catalytic sites, and the square repre- 
sents the conformation. 

c-2 + c I ’ I ’ 
c>2, 

and (4.19) is similar. Also note that either an attrac- 
tive or a repulsive 1-2 interaction msy lead to a 
phase transition, as in the BWA. 

The QCA is also exact for several special cases. Of 
course, if w12 = 0, then the adsorption isotherms for 
both the catalytic sites (4.15) and the modifier sites 
reduce to the result for the classical Ising model, which 
is exact for the one-dimensional case, c = 2. If w1 = 
1v2‘= 0 and cl2 = c21 = 1 (fig. 7a), the QCA is also 
exact, as it must be since nearest neighbor pairs are 
occupied independently_ Two further cases for which 
the QCA is exact are w2 = 0, cl = 2, cl2 = c21 = 1 
(fig 7b) and xv1 = 1v2 = 0, cl2 = c21 = 2 (fig. 7~). 
Thompson 13,301 has derived the adsorption isotherms 
for these two lattices using the eqrmibrium approach 
of the matrix method. 

A final most important case for which the QCA 
is exact is wl = 8v2 = 0, cl2 = 1, cZl = n (fig. 8). Here 
the adsorption isotherms and catalytic flux may be 
rearranged to yield 

0, = P?lZ1(1+- 41q) (n-1) 

+ re-w12qlz1(1 +e-W12q1zl)(n-1)]/Z , 

0, = r(l + e-w12qlzl)n/Z , (4.21) 

J= 
-kg ktz, - k!&:;zp 

$+ko 
[(l + qlZlp-l) 

-s 
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We now make a slight reinterpretation of the model. 
We picture the lattice of fig_ 8 as a protein with IZ 
catalytic sites, and allow the protein to be in two con- 

formational states, which are represented by the states 
of the central cIass two site. As before, there is an in- 
teraction energy w12 when a catalytic site is occupied 
and the protein is in conformation x, but not when it 
is in conformation 0. q2z2 is then replaced by ;-g & 
q!, where &(&) is the partition function for the 
protein in conformation x(0) when all catalytic sites 
are unoccupied -4, is the fraction of protein molecules 
in conformation x. 

This special case as reinterpreted is identical to the 
concerted model [7] _ That the concerted model is just 
a special case of a nearest neighbor lattice model with 
two classes of sites is particularly significant_ Although 
it has been realized that the concerted model and the 
sequential model [4] are both special cases of a more 
general scheme, it has also been thought that they dif- 
fered in important ways (see, for example, ref. [31]). 
However, as mentioned in the introduction, the se- 
quential model is identical to the classical Ising model, 
which is obviously a special case of the work here. 
Thus, both the concerted and sequential models are 
special cases of our nearest neighbor lattice model with 
two classes of sites, the difference being that the lat- 
ter considers qnly the catalytic sites whereas the for- 
mer considers both classes, but only the interaction 
between the catalytic and modifier (conformational) 
sites. 

There is also an explanation here for why the se- 
quential model may predict either “positive” or 
“negative cooperativity” in the catalytic adsorption 
isotherm, but the concerted model may predict only 
“positive cooperativity”. (The latter statement is not 
true for the tlux [36] _) The concerted model considers 
only the l-2 interaction, which, as pointed out in 
our discussion of the BWA, always increases the slopes 
of the adsorption isotherms whether the interaction 
energy is attractive or repulsive_ However, an interac- 
tion between identical sites, the only one considered 
in the sequential model, can increase the slope of the 
adsorption isotherm if it is attractive or decrease the 
slope if it is repulsive. Thus, this difference between 
the two models is due to the fundamental tiference 
between the effects of the interactions between like 
sites and those between unlike sites. 

5. Discussion 

In the absence of interactions both the BWA and 
the QCA are exact, and the catalytic adsorption is 
given by 

0, =4lzll(l+41zI); (5-l) 

4lZl--= (@z,+ &$,)/(k; + k!?,) - (5 -2) 

(5-l) has just the form of the Langmuir isotherm for 
the equilibrium adsorption of a ligand of activity z1 
to independent sites with single site partition func- 
tions q1 _ In the limit k!$zp + 0, we can make the 
further identifications 

z1 = zs; 91= $?(kp” + k!!,) . (5 -3) 

Moreover, in this situation, the catalytic flux becomes 

J/k;=01 _ (5 -4) 

Although many authors have suggested that it 
might not be adequate, the classical approach carries 
these analogies between stationary state catalysis and 
equilibrium ligand adsorption over to situations where 
there are interactions_ That is,the catalytic adsorption 
isotherm is taken to have exactly the form of that for 
the corresponding ligand adsorption if the identifica- 
tions (5.2) or (5.3) are made, and the flux is taken to 
be proportional to the catalytic adsorption. However, 
the validity of the approach requires four assump- 
tions [ 13]_ For the catalytic adsorption isotherm to 
be obtainable from the corresponding equilibrium ex- 
pression simply by noting (5 2) or (5 3) requires (1) 
that the catalytic cycle have only two states and (2) 
the quasiequillbrium condition,f, + f, = 1. (There 
are other situations where there is a formal resemblance 
between the nonequilibrium and the equilibrium sta- 
tionary state adsorption isotherms, but in these cases 
replacements (5 2) or (5 3) do not render them iden- 
tical [32] _) Given (1) and (2),we must further assume 
(3) the standard condition kEpzp +- 0 and (4) that kp 

is not affected by the interactions (f, = 0), if the flux 
is to be proportional to the catalytic adsorption. 

In this paper we have presented a nearest neighbor 
lattice model of the effect of modifiers on enzyme 
catalysis. We have restricted the model to two state 
catalytic cycles [assumption (l)] and, other than in 
the derivation of the BWA, we have considered only 
the quasiequilibrium regime [assumption (2)J. Even 
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with assumptions (1) and (2), we found 2 fundamen- 
tal difference between the effects of interactions 
between identical sites and those between sites of 
the two different classes. Whereas the former in- 
crease the magnitudes of the slopes of the adsorption 
isotherms if attractive and decrease them if repulsive, 
the latter in general increase the magnitude of the 
slopes whether attractive or repulsive_ Thus, the con- 
certed model [7], which considers only interactions 
between modifier and catalytic sites, displays only 
“positive cooperativity” while the sequential model 
[4], which considers only interactions between cata- 
lytic sites, may exhibit “positive” or “negative cooper- 
ativity”. This difference between the two types of 
interaction also implies that the interaction between 
catalytic and modifer sites may lead to a phase tran- 
sition if of sufficient magnitude, whethe; attractive or 
repulsive, but interactions between identical sites can 
cause 2 phase transition only if sufficiently attractive. 

Of most importance for studies of enzyme catalysis, 
of course, is the rate of catalyzed reaction_ In this re- 
gard, we have relaxed both assumptions (3) and (4) 
and not assumed a proportionality between the flux 
and catalytic adsorption_ Thus, we have developed 
both the BWA and the QCA for the complete quasi- 
equilibrium regime, and we also have exact resuhs in 
this range for those cases for which the QCA is exact, 
including the concerted model and those of Thompson 
[330] _ Phase transitions are excluded for these cases, 
since they do not have the minimum numbers of 
nearest neighbors required by the QCA for such behav- 
ior_ 

We have seen that the modifier cannot be classifed 
as an activator or inhibitor of the cataIyzed reaction 
simply on the basis of the sign of the interaction 
energy between modifier and catalytic sites because 
of the possibility of competing effects of the interac- 
tions on the flux. An elegantly simple exampIe is the 
case cl2 = cZ1 = 1, w1 = w2 = 0, for which the QCA 
is exact (in the quasiequilibrium regime). The fiux 
is given by 

J= 
k;k$, - k”-&$zp 

k;+ko 
[ 1 i- e(fp-1)W12q~zq J L 

--s 

X (1 + qlzl + q2z2 + e-w12qlz142z2)-1 . (5 -5) 

Even in the limit kc,z, * 0, we find 

(41z1)T = [e(fp-l)% - ]]/[e-w2 -e(fp--l)w12]_ 

(5.7) 
This is very different from the result of the classical 
approach, where./= kiel, and 

sgn [(a@, Dz&, 1 = --sgn 6~~) _ (5 -8) 
In addition to the possibilities that the modifier acti- 
vates or inhibits the fiux for a given value of wlZ, we 
have also seen in the BWA that the flux may respond 
biphasically to the modifier. Such behavior is also 
possible in the QCA for cases sIightIy more complicat- 
ed than the one above. 

One further matter deserves some mention. Just 
as the flux may show a biphasic response to the modi- 
fier, it may also respond biphasically to zs or .zp _ Since 
at the stationary state J = net rate of disappearance of 
s = net rate of production of p, if afjaz, < 0 or aJJazp 
> 0, the catalytic process is unstable. If the catalysis 
is then coupIed appropriateIy to transport processes, 
the possibility of multiple stationary states or spatio- 
temporal patterns is raised. As noted in the introduc- 
tion, both of these behaviors have been noted for the 
concerted model [8,9] _ The multiple stationary states 
are particularly interesting since the concerted model 
does not aIIow a phase transition without transport 
processes_ 

It is also interesting that in both of these cases one 
of the assumptions (3) and (4) was relaxed. G?I and 
Anan [9] kept ktpzp nonzero to obtain the multiple 
stationary states, and in the model of glycoIytic osciila- 
tions [S] , the interactions were ahowed to affect 
kpvp f 0). However, additional considerations were 
also made in both cases. GG and Anan let w12 + m- 
Since we have normalized the interaction energies to 
temperature, the prediction of multiple stationary 
states when wl? + 00 seems equivalent to that of a 
phase transitio: for the one-dimensionaI classical Ising 
model at zero temperature. For the glycolytic osciIIa- 
tions, sites which adsorb p but do not catalyze the reac- 
tion s + p were added to the concerted model. These 
sites function as modifier sites which activate the reac- 
tion to create the instability aJ/i+z, > 0. On the other 
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hand, if one considers the complete quasiequilibrium 
concerted model (421), it is straightforward to show 
that instabilities may exist without taking the limit 
wlT -+ - or adding extra sites. Thus, multiple station- 
&states are possible for the concerted model plus 
transport processes for nonzero temperatures. Although 
we have not carried out a complete analysis, it also 
seems likely that the concerted model without addi- 
tional sites for adsorption of p could produce oscilla- 
tions if the other necessary conditions [37] are met. 
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